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Abstract

In this article, we have incorporated the time delay from mosquitoes searching for
oviposition sites into searching for hosts into the nonlinear system of equations
[1]. The effect of delay on the stability of the persistent equilibrium and Hopf bi-
furcation has been investigated. Finally, Numerical simulations have been executed.
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1. Introduction

Mosquitoes are very common fragile insects with an adult life span that lasts about two
weeks. A majority of mosquitoes end their life cycle as food for birds, dragonflies and
spiders or are killed by the effects of nature such as wind, rain or drought. Blood is the
only crucial for the development of mosquito eggs which require certain proteins found
in the blood. Mosquitoes are vectors for many of the most important human infections.
They can carry malaria, yellow fever, dengue fever and more. Malaria risk is highest in
the vicinity of water where mosquitoes oviposit [8].
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Mathematical models have been developed to analyze the malaria transmission be-
tween humans and mosquitoes with non-linear forces of infection in form of saturated
incidence rates [13], Malaria model with stage structured mosquitoes [12], spread of
malaria through sensitivity analysis [5], population dynamics with temperature and age
dependent survival [3], breaking the life cycle of a mosquito that incorporate a time delay
at the larva stage that accounts for the period of growth and development to pupa [2],
estimation of seasional variation of mosquito population [11], mosquito dispersal in a
hetrogeneous environment [1].

Stability of a mathematical model of malaria transmission [10], a delayed Ross-
Macdonald model for malaria transmission [6], mosquito dispersal in a hetrogeneous
environment [1], predator-prey populations subjected to constant effort of harvesting
[9], a ratio dependent predator-prey model with quadratic harvesting [14], HIV model
[7], HIV primary infection [15] have been discussed. Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease transmission [16] has
been detailed. Stability and bifurcation of a two-species Leslie-Gower predator-prey
system with time delay [4] has been detailed.

Let us consider the following mathematical model to investigate the impact of dis-
persal and heterogeneous distribution of resources on the distribution and dynamics of
mosquito populations [1].

dE

AL o A, — E 1.1
o7 0A, (LE + PE) (1.1)
dL
i - PeE — (UL, + pr, L+ pr)L (1.2)
e (1.3)
ar PL Hp T pp .

dAy,

o ppP + pa,Ao — (LA, + pa,)An (1.4)

dA,

T PaAn — (A, + pa)Ar (1.5)
dA,
Tl pa,Ar — (a, + pa,)Ao (1.6)

where,

b - number of female eggs laid per oviposition.

PE - egg hatching rate into larvae (a’ay_l).

pL - rate at which larvae developing into pupae (day™h).

pp - rate at which pupae develope into adult or emergence rate (day h.
WE - egg mortality rate (day™").

U p - pupae mortality rate (day™h).

w1, - density independent larvae mortality rate (day™h).

1L, - density dependent larvae mortality rate (day™h).

pa, - rate at which host-seeking mosquitoes enter the resting state (day™h).
pa, - rate at which resting mosquitoes enter oviposition site searching state (day™h).



Stability Analysis of Mosquito Life Span Model with Delay 197

pA, - Oviposition rate (day_l).

W4, - mortality rate of mosquitoes of searching for hosts (day™h).

w4, - mortality rate of resting mosquitoes (day™h).

W 4, - mortality rate of mosquito searching for oviposition sites (day™h).

The population reproduction number Ry is

bI1;( )

“J‘*‘pl
1 — T4, (

)

HA; -hOA

where j = E, L, P, A, Ar, Apandi = h, r and o.

We have incorporated the time delay () from mosquitoes searching for oviposition
sites into searching for hosts into the above model. Thus, we have the following delay
model:

E' = bpa,Ap — (ug + pE)E (1.7)
L' = pgE— (ur, + pnr,L + pr)L (1.8)
P' = prL—(up+pp)P (1.9)
Ay = ppP + pa,Ac(t — 1) — (na, + pa,)An (1.10)
Al = pa,An— (na, + pa) A, (1.11)
A = paAr — A, Ao — pa, Aot — T) (1.12)

In section 2, stability analysis of the system of equations (1.7)—(1.12) have been dis-
cussed at persistent equilibrium
= (E*7 L*a P*9 Al’l*’ Ar*’ A()*)?

where .
E* prOA
ME + P
I*— (L + /OL)(RO - 1)
N ML,
P _ pLL ,
P+ PP
At = ppP*Ry ’
(/’LAh +fAh)Bl
A= PaAn”
MA, T PA,
Ao* — pArAr*
na, + pa,
where

B

_ PA; ’
1 HA:’ <MA,- "FPAi)
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Pj
Bi=b[](——),
1 n(Mj+Pj>

J
J=E,L,P,Ay A, A,andi = Ay, A, A,.
In section 3, numerical simulations have been executed.

2. Stability analysis

Theorem 2.1. If Ry < 1, then the mosquito free equilibrium point of system (1.7)-(1.12)
is locally asymptotically stable for all T > 0.

Now we investigate the effect of the time delay on the stability of the persistent
equilibrium P,. The required jacobian matrix at P, is given by,

—(kE + PE) 0 0 0 0 bpa,
PE —(nL, +oL)— @ 0 0 0 0
Ty = 0 oL —(up +ppP) 0 0 0
P, = —AT
0 0 PP —(na, +04,) 0 pA,e€
0 0 0 PA, —(pa, +pa,) 0
0 0 0 0 PA, —(na, +pra,e

where, ¢ = 2(ur, + pr)(Ro — 1).

To evaluate the eigenvalues of Jp,, we solve det (Jp, — AI) = 0. We use the concept
of block matrices to obtain this determinant.
Let J = Jp, — Al be a block matrix given by,

7=(¢5)

with the following components:

—(UE + PE) — A 0 0
A= PE —(urL, +poL) — ¢ — A 0
0 PL —(up +pp) — 2
0 0 bpa,
B=10 0 O
00 O
0 0 pp
CcC=10 0 O
00 O
and,
_(MAh + IOAh) — A 0 /OAoe_)LT
D= LA, —(pa, +p4a,) — A 0

0 PA, —(a, + pa,e ) — A
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Therefore the concepts of block matrices that det(J) = det (AD — BC). Since BCis a
zero matrix, then det (J) = det (AD) = 0. Then, the characteristic equation is,

[A6+AS(A+a+b)+k4(B+A(a+b)+ab+c)
+23(C + (a+b)B + A(ab + ¢) + ac)
+ AZ(C(a + b) + B(ab + ¢) + Aac) + A(C(ab + ¢) + Bac) + acC]

n [ASD +AHE 4 (@+b)D) +23(F + (a + b)E + D(ab + ¢))

+2%((a +b)F + E(ab + ¢) +acD) + A(F(ab + ¢) + Eac) + acF]e_“ —0

where,
a=Wwg+pg, b=pur, +pL+¢+up—+pp,
c=(ur, +pL+ @) (up + pp),
A = pa, + pa, + 1a, + pa, + 1A,
B = (ua, + pa,)(ua, + pa,) + 1a,(a, + pa, + pa, + 1Ay,
C = pa,(a, + pa,)(ua, + pa,),
D = pa,, E=pa,(ta, + pa, +1na, +pa,),
F = pa,(a, +pa,) (LA, + PA,) — PA,LA,PA, -
Then,
P(L)+0We " =0 2.1)
where
PO = A 4+aiX’ +art + a0 + aur? + ash + ag
O\ = biA> + bad* + b3d> + bar> + bsh + bg
where

ar=A+(@+b), a =B+ A(a+b) +ab +c,

a3 =C+(a+b)B+ A(ab+c)+ac, as =C(a+ b))+ B(ab + ¢) + Aac,
as = C(ab+c) + Bac, ag =acC, by =D,

bp=E+(@a+b)D, bs=F + (a+b)E + D(ab + ¢),
by=@+b)F + E(ab+c)+acD, bs=F(ab+c¢)+ Eac, bg =ackF.

If T = 0, then the above characteristic equation becomes,

A+ (a1 +b1)A° + (a2 +b)A + (a3 +b3)A> + (aa +ba) M2 + (as + bs)h + (ag +bg) = 0
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Theorem 2.2. If Rp > land p > 0, pg > r,r(pg —r) > p(ps —t), and (ps —
Hipg—r)r—p(ps—1t)] > (pqg—r)l(pg —r)t— upz], then the persistent equilibrium
P, is locally asymptotically stable for all delay T > 0.

Proof. If Ry > 1 and T > 0, assuming A = iw with ® > 01n (2.1) we get,

4 3

— a4a)2 +iasw + ag
o5 4 03 9
+ [ibiw’ + boow" — ibzw’ — byw

+ ibsw + bg](coswt — isinwt) =0

— o+ iala)s + arw” —iazw

Separating the real and imaginary parts, we get,

—o® + a2w4 — a4a)2 +ag = (—bza)4 + b4a)2 — bg)coswt
+ (=b10° + b3w® — bsw)sinwt (2.2)
ala)s — a3a)3 + asw = (—bla)5 + b3w3 — bsw)coswt
— (=byo* + bsw® — bg)sinwt (2.3)

Squaring and adding (2.2) and (2.3),

02 + 01> = 2a; — b1?) + 03 (@2% + 2(a4 — ajaz + b1b3) — by?) + (a3’
+ 2(ajas — ag — apas — b1bs + baby) — b32) + w4(a42 + 2(apag — azas — babg
+ b3bs) — bg*) + @*(as® 4 2(babs — asag) — bs*) + (ag> — bg*) = 0 (2.4)

Let

z=0w* p=a)®*—2a b

q = a* + 2(as — araz + bibs) — by?,

r = a3* + 2(aias — ag — azas — bybs + bybs) — b3,
s = as® + 2(axas — azas — babg + b3bs) — ba?,

t = as® + 2(bsbs — asae) — bs*

and u = a62 — b62. Thus, we have

Giz) = P+ p +qgt+r 452 +1z4u=0 (2.5)
Since p > 0, pg > r,r(pg —r) > p(ps —1) and (ps —)[(pqg —r)r — p(ps —1)] >
(pq —r)l(pg —r)t — upz], then z = w? < 0. So our assumption that A = iw is a root

of (2.1) is wrong which means that (2.1) has no positive roots and the real parts of all
eigenvalues are negative for all delay T > 0.
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3. Hopf Bifurcation

Ifu <0,then G(O) = u < 0 and lim,—.G(z) = oo. Then there exists atleast a
positive root satisfying equation (2.1), so the charateristic equation (2.1) has at a pair of
purely imaginary roots of the form +iwq. Eliminating sinwt from (2.2) and (2.3), we
have

[(—b20”* + by — b) (= + ar0”* — ase” + ag)
+(—bla)5 + b3w2 — bsa))(ala)5 — a3w3 + asw)]

COS =
O T Chyw® + baa? — b)? + (—b1a° + baw® — bsw)?

Therefore, t,° corresponding to wy is given by;

[(—bza)g + b4a)(2) - bﬁ)(—a)g + aza)é — a4a)(2) + ae)

1 +(—b1a)(5) + bgw% — bsa)o)(ala)(s) — aga)g + aswop] 2nmw

*— — cos!

w (—bza)é + b4a)(2) — be)? + (—bla)g + b3a)8 — bsw)? wo

Tn

If © = 0, the persistent equilibrium P, is stable when Ry > 1 [1]. Therefore P, is stable
for T < 1o where 79 = 7§ as n = 0. Hence, if (2.1) has a pair of purely imaginary roots,
then it has roots with positive real part (by continuity in t). Thus, P, becomes unstable
d(Re)
and periodic solutions may happen that is Hopf bifurcation occur if % lr=7, > 0.
T

Differentiating (2.1) with respect to 7, we get

[(6X° + 5a;1A* + 4ax)> + 3azA? + 2a4) + as)
+ e M (5b1A* + 4by03 + 35302 + 2b4) + bs)

d
— e T (DA 4+ bod* + badd + bar? + bsh + bﬁ)]d—t
= Ae 2T (D120 + bad* + b3d3 + bar? + bsh + be)

Then
A\ 7! . 510 + 4ay ) + 3aoAt + 2a303 + asr? — ag
dt A28 4+ @ A + @At + azA3 + aar? + ash + ag)
Ab1A> + 3boA* + 2b3A3 + bar? — by T

A2(DAS + bor* + b3A3 + byA2 + bsh +bg) A
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Thus

) { d(Rel) }
sign
dt A=iawo

oL R ()
= sign | Re 17 |
A=iwg

. 1 [S5w0'? + 4w0'%(a? — 2a; — b}) + 3wo® (a3 + 2(as — ayas + b1b3) — b3)
= Si2n
§ 2 (bawo* — bawo? + be)? + (b1wo® — b3wo® + bswp)?

o
2w0°(a3 + 2(aras — ag — azas — b1bs + babs) — b3
(brwo* — bawo? + be)? + (b1wo® — bzwo® + bswp)?

+qﬂﬁ+xn%—@%—m%+mmr¢@+waw@D

(bawo* — bawo? + be)? + (b1wo® — b3wo? + bswp)?
If

(a} —2ar — b?) > 0,
a% + 2(aq4 — ajaz + b1b3) — b% > 0,
a% + 2(ajas — ag — aras — b1bs + babg) — b% > 0,
a% + 2(arae — azas — bobg + bzbs) — bi > 0,
b2 — a2 >0

which means that p > 0,¢g > 0,r > 0,s > 0and u < 0, then
d(Rer)

dt

Hence we have atleast one eigenvalue with positive real part for t > 7 and the conditions
for Hopf bifurcation are satisfied yielding periodic solutions at T = 19, @ = wg. Thus
we have the following theorem:

|t=r0,a)=a)0 > 0.

Theorem 3.1. If Ry > l and p > 0,¢g > 0,r > 0,s > 0 and u < 0, the persistent
equilibrium P, remains stable for T < 7¢ and unstable when T > 7(, a Hopf bifurcation
occurs as 7 passes through 7.

4. Numerical Simulation

In this section we present numerical results of the system (1.7)-(1.12) to verify the
analytical predictions obtained in previous section. Let us consider the system with the
parameter values b = 100, pg = 0.50, oy = 0.14, p,, = 0.50, ug = 0.39, up, = 0.44,
wr, = 0.05, up=0.37, pa, = 0.46, pa, = 0.43, pa, = 3.0, s, =0.18, s, = 0.0043
and p 4, = 0.41. So the system (1.7)-(1.12) has a positive equilibrium P,(1480.19, 116,
18.67, 39.15, 41.47, 5.23).
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Fizl: =0
Solution density of eggs

—— density of larvaes

denzity of pupae

denzity of mosquitoes searching for hosts
—— denzity of resting mesquitoes

denzity of mosquitees searching for oviposition sites

Fig2: T=04

Solution
200F, density of sggs

150 |1|~' :

T || — density of larvas

50 it =

4 - density of pupae

—50 ||| 5 10 15 20 25 density of mosquitoes searching for hosts

— density of resting mosquitoes

density of mosquitees searching for ovipesition sites

5. Conclusion

We investigated the effect of time delay and Hopf bifurcation in the mosquito life cycle
model. It is observed that if R, < 1 the mosquito free equilibrium point of system is
locally asymptotically stable for all ¢ > 0 and if R, > 1 the persistent equilibrium is
locally asymptotically stable for all T > 0.
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